Electromagnetic-Cascades (EmCa) is a Python package for the simulation of electromagnetic cascades in various materials. The showers are modeled using cascade equations and the relevant interactions, specifically pair production, Bremsstrahlung, Compton scattering and ionization. This methodology has the advantage of being computationally inexpensive and fast, unlike Monte Carlo methods. The code includes low and high energy material effects, allowing for a high range of validity of the simulation results. EmCa is easily extendable and offers a framework for testing different electromagnetic interaction models. In combination with MCEq, a Python package for hadronic particle showers using cascade equations, full simulations of atmospheric fluxes can be done.
Introduction
Due to the increasing interest in multi-messenger astronomy, there is an ever growing need of high precision atmospheric particle flux calculations [1] .
Measurements of the neutrino mass hierachy [2] , 5 neutrino oscillations [3] , and the cosmic ray primary flux [4] rely on precise knowledge of atmospheric neutrino und muon fluxes. On the other hand, when studying astrophysical particles, the atmospheric particle flux is a background signal 10 which needs to be modelled. There are different approaches to simulating such particle cascades. One is the use of Monte Carlo methods to simulate on an event by event basis, as used in CORSIKA [5] extendable, allowing a user to include their own interaction models, density models, and materials.
Additionally, since the calculations are computationally inexpensive, testing and prototyping can be done at a much faster pace than with Monte Carlo methods. Note that unlike the direct approach used 35 here, it is possible to write an adjoint cascade theory as described in [11] . This paper introduces the EmCa framework, starting with a description of the cascade equations, followed by the used electromagnetic model. We de- 
Coupled Cascade Equations
Instead of simulating single particles, the average particle flux Φ, which is defined to be
is calculated using cascade equations. For convenience we define the slant depth variable X, which describes the geometric trajectory through a material, as
where h 0 is the current position and ρ the density of the material. Using the slant depth, the transport equations for an electromagnetic particle i are
In the above equation, E is the energy of the particle flux, σ the cross section, λ the interaction length 50 and µ a loss parameter. The first two terms describe losses due to interactions and ionization respectively. The last one is a source term containing the production of particle i by particle l where the sum runs over all particles.
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In the case of EmCa the considered particles are γ, e ± , and µ ± . Muons were added to the cascade to allow the electromagnetic cascade to couple back to hadronic showers.
For the simulation the density of the background 60 medium is required at each step. This requires a depth-dependent model of air. In the following simulations we chose to use the U.S. Standard Atmosphere [12] .
Model
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The electromagnetic model implemented in [19] offers an overview of these calculations.
The advantage of the cross sections by Tsai, is that they do not possess an explicit density dependence and therefore allow the numerical treatment described in section (4) . Density effects, such as Landau-Pomeranchuk-Migdal (LPM) [20, 21] and dielectric [22, 23] effects, are treated separately, as described in Section (3.1).
For pair production, dσ/dE has the form
and for Bremsstrahlung
In Equations (4) and (5) The corresponding integrated cross sections are shown in Figure ( 2), where the channel e → e was dropped since the integrated cross section is the same as e → γ. From these the interaction lengths, λ, are calculated using
where N A is the Avogadro number and A the atomic mass of the background medium. Muon pair Where x = E µ /k and the weight factor W is defined as
In 2k(x−x 2 ) and √ e = 1.6487.
Note that as expected, the shape of the differential cross sections for muon and electron pair production are similar. An added benefit of this definition of the cross section is that it is implemented in CORSIKA as well, allowing for a direct comparison.
Compton scattering needs to be added for secondary spectra with a low energy cutoff below 100
MeV, when this channel becomes relevant compared to pair production. 
and k = k sec /m e . Due to the nature of two body scattering processes when integrating over Equation (9) a minimal energy needs to be introduced
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For the description of ionization losses we use the energy loss tables generated by ESTAR [26] , which describe µ in Equation (3) . The collision stopping powers in those tables are calculated using [27, 28] . 
The integrated cross section for the different production channels. Other interactions only play a subleading role in the energy ranges of interest and can be ignored.
Material Effects
To allow for a higher range of validity in energy we account for additional material effects, i.e. dielectric suppression [22, 23] and the LPM effect [15, 21] .
The dielectric effect is treated as a suppression factor, S die (k), of the differential cross section of the form
where ω p is the plasma frequency of the material. Due to the density dependence of ω p ∝ √ ρ the differential cross sections become density dependent. The point at which the dielectric effect 80 becomes relevant can be estimated by calculating the ratio r = ω p /m e . For air at standard density ω p (Air) = 6.6 × 10 −10 GeV and r ≈ 10 −6 , which leads to the differential cross section starting to be suppressed at about E sec = E prim × 10 −6 . In at-85 mospheric showers this does reduce the production of low energy photons at the start of the shower.
Later in the shower development, where far more low energy photons are produced, the difference be-comes negligible. We show this effect in Figure ( 3), where we used an air column with constant density ρ = 0.00123 g/cm 3 . This leads to a conservative estimate of the dielectric suppression.
In most cases the dielectric effect can safely be ignored in air. Note, that due to the inclusion of the 95 dielectric effect the cross section for Bremsstrahlung no longer diverges for k → 0, allowing for precise calculations of the total cross section. Thus, even for air showers, where there is no direct physical effect, the dielectric effect allows for the calculation 100 of the total cross section, without the introduction of an unphysical low energy cutoff.
On the other hand for materials with a larger Z, metals for example, typical values of r ≈ 10 −4 result in a larger relevance of the dielectric effect.
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The LPM effect suppresses the interaction cross sections at high energies. This can be accounted for by adding a suppression term [21] of the form
with
to the differential cross section. This again would introduce a density dependence to the cross section.
Due to the employed numerical methods, discussed in section (4), we wish to avoid this and instead treat the LPM effect by rescaling the interaction lengths λ Pre , defined in Equation (6), according to
This allows the shape of the differential cross section to remain density independent, and the interaction length only needs to be re-scaled according to the current density. In Figure ( 
Numerical Form
Similar to MCEq, the cascade equations are discretized on a logarithmic grid with ten grid points per energy logarithmic energy decade. The particle fluxes are arranged in a state vector Φ of the form
with sub-vectors of the form
The differential, dσ li dE and total cross sections, σ l , are arranged in a matrix C li with elements
and shape
Note that due to energy conservation C li is an upper triangular matrix. In the above calculations bin averaged differential cross sections defined in equations (18, 19) . 
The integrals are calculated over the bin widths using a Tanh-Sinh quadrature, and defining the maximum of the function as an integration node. Then for each bin, defined by the center E i and the width ∆E i , the equation
is solved. This methodology has the advantage of conserving energy and particle number.
In Figure ( The interaction matrices from Equation (17) then grouped together in a single matrix C of the
The interaction lengths are organized into a diagonal matrix Λ int of the form
Finally, the ionization loss term is treated by discretizing the loss parameter µ in energy and approximating the differential using a seven-point stencil method. These steps are discussed more in-depth in section (4.1). The resulting operator is written as L. Approximating Equation (3) using the above definitions results in
Combining the terms, besides Φ, results in a single derivative operator. avoid this, the continuous loss terms are discretized using a seven-point stencil method. In this approximation, a derivative of a function f (x) is written
where h is the used step size. The differential operator,L is then calculated by multiplying the approximation for ∂ E on the left with 1 E and from the right with µ(E). Applying this definition to the ionization losses, the discretized form can be written as
The 1/E term appears due to the use of a logarithmic grid, andL is calculated using the above mentioned stencil method. A comparison between the ESTAR tables (red), the binned version in EmCa (blue) and an energy loss simulation using EmCa (green) is shown in Figure ( the recommended low energy cutoff is defined by E crit using Rossi's definition [31] . E crit is the point at which collision losses start to dominate the electron energy losses over radiative ones. The critical energy is defined as
and
For air the critical energy is 86 MeV. 
Comparisons
In the following we compare results using EmCa, including all previously mentioned effects, to COR-SIKA air shower simulations for highly energetic particles and EGS4 [32] for low energetic ones. 
CORSIKA
We show a comparison between particle numbers taken from [10] and EmCa for two different low energy cuts in Figure ( shower maximum is approximated by
where for all calculations E crit = 86 MeV. In the theoretical model the LPM effect is not accounted for, which explains the discrepancy at high energies. 
EGS4
In Figure ( 
Conclusion
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EmCa provides a fast and precise framework and model for the calculation of electromagnetic cascades in different materials. By achieving a similar precision to Monte Carlo based programs and through its modular structure, EmCa is a useful 160 testing ground for new interaction models. In [36] , different suppression mechanisms and their effect on extremely high energy air showers were discussed. Using EmCa we were able to do a similar study quickly, as seen in Figure ( 
